We analyze the inertia dominated flow of thin liquid films on microtextured substrates, which here are assemblies of micron-size posts arranged on regular lattices. We focus on situations for which the thin-film thickness and the roughness characteristic length scale are of the same order of magnitude, i.e., a few hundred microns. We assume that the liquid flows isotropically through the roughness at a flow rate that depends on the geometrical features of the porous layer; above the texture, the flow is characterized by a larger Reynolds number and modeled using a boundary layer approach. The influence of the microtexture on the thin-film flow above the microposts is captured by a reduction of the flow rate due to the leakage flow through the texture and a slip boundary condition, which depends on the flow direction as well as on the lattice properties. In this way, the velocity field in the free surface flow adopts the symmetry of the microtexture underneath. The results of this model are in good agreement with experimental observations obtained for thin-film flows formed upon jet impact on microtextures. The characteristics of the polygonal hydraulic jumps that we obtain depend on both the jet parameters and the topographical features of the surface roughness. We use the measurements and the numerical predictions to estimate the flow rate through the shallow porous layer and the effective slip length for this inertia dominated flow regime. We also discuss the limitations of the model.
I. INTRODUCTION
When a layer of fluid flows over a solid surface, the latter is generally considered smooth and assumed to satisfy the no-slip boundary condition. Thin liquid films with a thickness at the micron-scale and smaller, however, are strongly affected by the hydrodynamic features at the solidfluid interface. For example, the definition of effective boundary conditions that capture the influence of the surface topography has become instrumental for better understanding the effect of the substrate roughness on the quality of industrial processes and for developing technological applications that exploit such surface effects. 1, 2 Topographical features are commonly encountered in materials such as metal, paper, and many microfabricated materials having surface features at the micrometer scale. Significant substrate topography can also be due to the presence of contaminants on otherwise smooth substrates such as silicon wafers, which are used for microfabrication. Such impurities disturb coating processes essential to the fabrication of microdevices. 3, 4 Alternatively, regular roughness, e.g., a network of grooves or asperities, can be introduced by means of lithography techniques to disturb the flow pattern in a controlled fashion. In microfluidic devices, microtextured walls improve the mixing of fluids 5, 6 and reduce the friction by introduction of slip and trapping of gas adjacent to the boundary. 7, 8 Such microfabricated hydrophobic textured surfaces are known to produce large effective slip lengths. [9] [10] [11] For thin films of liquid, the influence of the roughness on the flow has been shown to strongly depend on the relative values of the film thickness h and the characteristic length scale of the topography, often the width of an asperity w. Previous studies have focused on two situations: thin films over large features typically corresponding to coating flows with h Ӷ w and thick films over small features, such as flows above fibrous media with w Ӷ h ͓see Figs. 1͑a͒ and 1͑b͔͒.
When the film thickness is small and the features are large, asperities affect the film thickness variations and the leveling of the free surface. For example, viscous flows over a topographical feature, such as a step and a trench, have been modeled using the lubrication approximation. 3 The free surface presents capillary ridges and depressions, which result from the competition between topography and surface tension effects. For inertia dominated films, an integral boundary layer approach is adopted: 12 the amplitude of the capillary ridges increases monotonically with the Reynolds number and capillary oscillations appear behind the ridge. These theoretical predictions are in good agreement with experimental results for isolated features. 13, 14 This approach would rapidly become much more difficult if applied to describe more complex topography.
When the film thickness is larger than the width of the asperities, the influence of the roughness can be described in terms of an effective slip at the top of the microtexture, as defined by the dotted line in Figs. 1͑a͒ and 1͑c͒. This configuration has been studied for shear-and pressure-driven flows in different confined geometries such as grooves 15, 16 and fibrous structures sparsely coating a wall of the channel. 17 It is assumed that the liquid flows through and over the roughness at low speed. Depending on the complexity of the topography, the flow through the texture is characterized either by utilizing the lubrication approximation 15, 16 or by using Darcy's law or the Darcy-Brinkman-Ergun equation to obtain the average value of the fluid velocity near the surface. 17 The nonzero fluid velocity at the top of the roughness defines the effective slip velocity. The boundary condition depends on the topographical features of the substrate ͑solid volume fraction and structure͒ as well as on the flow properties controlled by the driving force. For example, these theoretical ideas are at the origin of novel channel designs to improve fluid mixing at low Reynolds numbers, such as in microfluidic devices. 5 These ideas have also led to several experimental investigations to better characterize the flow through 18 and above the roughness. 8 In this study, we examine an intermediate configuration, when the thickness of the thin film is only a few times the width and spacing of the asperities. For that purpose, we consider a regular surface microtexture that disturbs periodically the velocity field in inertia dominated thin-film flows. Indeed, the roughness of the substrate leads to the reduction of the flow rate in the thin-film flowing above the texture and the introduction of a slip boundary condition. We use a boundary layer approach to describe the flow in the thin film above the roughness. We conclude by comparing the numerical results of the model with an experimental study of polygonal hydraulic jumps over periodic arrays of microposts.
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II. PROBLEM FORMULATION
A. Slip over microtextured surfaces
Definition of the effective slip length
When a liquid flows above a microtextured surface, it can either penetrate the underlying porous structure or remain on top of it, in which case the pores are filled with air. The configuration that is adopted depends on the characteristics of the liquid-solid interactions ͑e.g., the contact angle͒, on the flow dynamics, and on the geometrical features of the roughness. In both configurations, the top of the roughness is a composite interface, with gas/liquid or liquid/liquid and solid/liquid interfaces, respectively described by an actual slip boundary condition and a no-slip boundary condition ͓see Fig. 2͑a͔͒ . Defining an effective boundary condition at scales larger than the roughness is a complex problem that has been approached theoretically and numerically using a local boundary condition that relates the slip velocity to the strain rate via a scalar 7, 10 or a tensor. 20, 21 Analytical solutions are only available for simple geometries and laminar flows; see, for example, Ref. 7. In the simplest characterization, the effective slip is described by the scalar Navier boundary condition for the velocity field at the top of the roughness u: u = ‫ץ‬ u / ‫ץ‬z. The slip length determines the distance between the slip plane and the plane at which the flow profile would satisfy the no-slip boundary condition.
On hydrophobic microtextured surfaces, air is trapped between topographic features, and slip lengths up to hundreds of microns have been reported in experimental studies. 10, 22 For example, recent work has provided evidence of drag reduction on rough surfaces due to air/liquid interfaces. 9 In our case, when liquid flows through the texture, the effective slip length at the liquid/liquid interfaces depends on the properties of the flow through the texture. The geometry and the depth of the texture along with the value of the Reynolds number need to be taken into account to determine an effective slip length. Stokes flows through porous media can be fully solved for simple geometries 15, 16 or most often described with Darcy's law or the Darcy-Brinkman-Ergun ͑a͒ When the thickness of the film h is large compared to the wavelength of the topographical features w, the influence of flow through the roughness is captured by the slip velocity in the plane defined by the dotted line. ͑b͒ When h is smaller than w, the thickness of the film and the position of the free surface become nonuniform. ͑c͒ When h is of the same order as w, the roughness is modeled using a slip boundary condition, which modifies the development of the viscous boundary layer, as discussed in this paper.
͑a͒ Schematic representation of a unit cell of the square lattice in the plane defined by the top of the posts. On the posts, there is no slip as the liquid flows on a solid substrate. Between the posts, the liquid flows on top of a liquid layer, so the fluid velocity is nonzero ͑modelled by an effective slip boundary condition͒. ͑b͒ Schematic representation of the thin-film flow over a square lattice of cylindrical posts of radius R and height H, typically 50 m. h and Q are, respectively, the thickness and the total flow rate of the liquid layer. q is referred to as the leakage flow rate through the texture. equation, and used to estimate the effective slip length. 17 At higher Reynolds number, the roughness also becomes associated with a significant friction due to the drag on the asperities. For example, Gamrat et al. 8 showed both experimentally and numerically that the geometrical characteristics of the roughness ͑height of the asperities, number of asperities per unit surface, and porosity of the roughness͒ modify the flow properties in microchannels at different Reynolds numbers. To the best of our knowledge, such effective slip lengths have not yet been studied in details for intermediate Reynolds number flows above microtextured surfaces, a limit that is relevant for the description of hydraulic jumps described in our recent work. 19 
Flow through roughness: Leakage flow and effective slip length
In this study, we are interested in inertia dominated thinfilm flows above infinite microtextured surfaces ͓see The liquid flows both through and above the roughness, forming a film whose total thickness h is of the order of the post height H, i.e., a few hundred microns. The liquid enters the lattice and flows in the thin film above the texture at moderate Reynolds number. The value of the Reynolds number is defined as Re= Uh / , where is the kinematic viscosity and the fluid velocity U is estimated by flow rate conservation at a distance of 1 cm from the position at which the jet impacts the substrate. For our experimental conditions, we have Re= O͑100͒.
In what follows, we will refer to the flow rate q through the porous microtexture as the "leakage flow rate." The variation of q depends on the pressure drop, the geometrical features of the lattices, and the viscosity of the fluid. For intermediate values of the Reynolds number, the behavior of the flow through a porous medium is commonly described by the Darcy-Brinkman-Ergun equation, an empirical and isotropic description that captures both the viscous effects, i.e., a Darcy-like behavior, and the inertial effects given by a quadratic term. 23 We consider that the dissipation due to viscous effects on the dense network of posts leads to a reduction in Reynolds number for the flow in the microtexture, which makes the viscous term dominant. Koch and Ladd 24 showed that the permeability of a square lattice, defined on a length scale that is large compared to the length scale of individual posts, is isotropic at low Reynolds number.
Here we write that a fraction of the liquid flows through the texture; hence q = ␣Q. The coefficient ␣ is a function of the lattice geometry, i.e., the porosity ⑀ =1−R 2 / D 2 and the aspect ratio of the posts = H / R. It is assumed independent of the azimuthal orientation of the flow in a first approximation as the fluid velocity is reduced by the dense network of posts. Since the porous medium is shallow ͑about 50 m͒, we expect the boundary conditions in the planes defined by the top and bottom of the posts to strongly influence the flow and the value of ␣. As a result of this leakage, the flow rate in the film above the posts is reduced and equal to Q − q.
The microtexture also introduces an effective slip boundary condition. According to the results discussed above, we expect the slip length to depend on the porosity ⑀, the post aspect ratio , and the orientation of the lattice described by the angle ͑Fig. 3͒. As a first approximation, we estimate that the dependence of the slip length on the angle is well captured by a simplified high-Reynolds-number flow approach. We consider a unit cell of the lattice and particularly the composite interface in the plane defined by the top of the posts ͓see Figs. 3͑a͒ and 3͑b͒ for a schematic representation͔. For a value of , rows of posts delimit channels: the flow above a row of posts is described with a no-slip boundary condition represented in gray in Fig. 3 , whereas the flow above a channel satisfies a slip boundary condition, here shown in black. According to this description, the lattice of posts acts as a network of grooves whose spacing depends on the orientation of the flow. The effective slip length is assumed to be proportional to the total channel width or open fraction of the frontal area for a unit cell,
where D is the lattice spacing and ᐉ c ͑͒ is equal to the projection of the circular top of the posts in the direction perpendicular to the flow, i.e., the sum of the gray segment lengths in Figs. 3͑a͒ and 3͑b͒. The function ᐉ c ͑͒ determined using this geometrical method is presented using an angular representation in Figs. 3͑c͒ and 3͑d͒. We define the effective slip length as proportional to ͑i͒ a characteristic length scale and ͑ii͒ a nondimensional parameter that captures the angular dependence determined geometrically. This nondimensional parameter, referred to as the slip coefficient is defined as b͑͒ = ᐉ o ͑͒ / 2D, with ͑⑀ , ͒ as a function of the porosity of the texture and the aspect ratio of the posts. 
B. Inertia dominated thin-film flows on smooth substrates
Above the microtexture, the flow is dominated by inertia. We consider an incompressible thin-film flow on a smooth substrate with fluid density , kinematic viscosity , and surface tension ␥. The geometry is defined in Fig. 4 ; we use cylindrical coordinates with r and z being the streamwise and the cross-stream directions, respectively. To characterize the film, we have to determine the velocity profile and the equation for the surface shape z = h͑r͒.
In this paper, we will focus on the radial thin film formed upon impacting a jet of radius a on a horizontal, smooth, and dry substrate. We define the velocities parallel and perpendicular to the surface, respectively, u͑r , z͒ and w͑r , z͒. This analysis was first reported by Watson. 25 Here, we will introduce this initial derivation on a smooth substrate before modifying it to model the flow over an infinite microtextured substrate. The equations governing the zero-pressure gradient boundary layer flow are
The boundary conditions correspond to the no-slip at the substrate, zero tangential stress at the liquid-air interface, and flow rate conservation,
In Eq. ͑2b͒, the gravitational pressure gradient is negligible compared to the viscous effects.
In the classical approach of Watson, far from the impact, the velocity in the boundary layer is expected to be selfsimilar,
The solution of the governing and boundary equations can be obtained for the velocity and the free-surface profiles,
where cn is the Jacobian elliptic function, c is a numerical constant ͑c = 1.402͒, and ᐉ is a length that depends on the initial conditions of the flow at the impact. For a complete characterization of the flow, one needs to define the thickness of the viscous boundary layer ␦͑r͒ that invades progressively the thin film. The position r 0 at which the boundary invades the entire thickness of the film and ᐉ must also be identified. This characterization can be achieved by assuming that ͑i͒ the speed outside the boundary layer remains constant and equal to the impact speed U 0 and ͑ii͒ = z / ␦͑r͒. When the size of the horizontal surface or impact plate is large compared to the diameter of the jet, the thin film is surrounded by a layer of liquid almost at rest, whose thickness d is typically an order of magnitude larger than h ͓Fig. 5͑a͔͒. The thickness d is controlled by the height of the walls that bound the impact plate or by capillary effects if there are no such walls. 19, 26 Thus at a given distance from the impact, the surface abruptly rises from z = h to z = d. The familiar structure that is obtained can be observed in a kitchen sink and is called a circular hydraulic jump ͓see Fig.  5͑b͔͒ . The radius of the jump is determined by a balance of the outward inertial pressure and the inward hydrostatic and interfacial pressures: 26 the position of the jump is directly related to the velocity field in the film.
For r Ͻ r 0 , the velocity of the fluid in the thin film is defined by u = U͑r͒f͑͒ in the boundary layer between z =0 and z = ␦͑r͒ and by u = U 0 between z = ␦͑r͒ and the free surface z = h͑r͒; here = z / h͑r͒. For r Ͼ r 0 , the fluid velocity is defined by u = U͑r͒f͑͒ between z = 0 and z = h͑r͒. The position of the jump is determined by the momentum conservation across the jump at the position of the jump r = r j . Accounting for gravitational and inertial terms originally introduced by Watson 25 and a surface tension contribution later added by Bush and Aristoff, 26 this momentum balance is written as ͑a͒ Experimental setup and ͑b͒ image of a circular hydraulic jump, indicated by an arrow on the photograph, formed upon impact of a water jet on a smooth substrate ͑the total flow rate Q = 2.5 l min −1 and the jet radius a = 1.05 mm͒. The jet impacts a smooth substrate, which presents a circle of diameter 5 cm centered on the impact point of the jet. The circle delimits the region that is removable to permit the study of the surface roughness effects ͓indicated in dark gray on the horizontal plate shown in ͑a͔͒.
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with U 1 as the velocity immediately outside the jump, U 1 = Q / 2r j d, and ␥ as the surface tension. Assuming that d ӷ h, which corresponds to most experiments, we write Eq. ͑8͒ as
with a as the jet radius. For a fully developed boundary layer, i.e., for r 0 Ͻ r j , we use Eqs. ͑4͒-͑7͒ to expand Eq. ͑9͒. The radius of the jump formed on a smooth substrate is defined by
where B 0 = gr j d / ␥ is the Bond number and ᐉ is defined as
We next study the effect of a micron-scale surface roughness on the radial thin-film flow and its implications at the macroscopic level on the structure of the hydraulic jump. As introduced in Sec. II A, the presence of the infinite porous structure will be modeled with a reduced flow rate in the thin film and an effective slip boundary condition at the top of the posts, which is taken at z = 0. In this model, the target is considered to be fully covered with surface roughness, and we focus on the flow properties of the thin liquid film flowing above the lattice of posts.
C. Boundary layer development on a composite interface
The anisotropy of the lattice is assumed to only introduce slow variations in the velocity field. We consider the flow above the posts as unidirectional and radial and introduce angular variations ͑assumed slow͒ only through the slip coefficient. To determine the velocity in the boundary layer, we use the lubrication approximation as written in Eqs. ͑2a͒ and ͑2b͒. As the presence of the roughness introduces a slip boundary condition, at z = 0, the boundary conditions defined in Eqs. ͑3a͒ and ͑3b͒ become u = ͑r,͒ ‫ץ‬u ‫ץ‬z for z = 0, ͑11a͒
The first equation corresponds to the Navier effective slip boundary condition: the anisotropy of the lattice is associated with an angular dependence of the slip length ͑r , ͒, which has the same symmetry as the microtexture. The porous layer introduces a reduction of the flow rate in the thin film by an amount equal to the "leakage" flow rate, q = ␣Q, hence the flow rate conservation
Far from the position of impact, similar to the classical approach of Watson, we look for a similarity solution,
The conservation equation ͑2a͒ and the momentum equation ͑2b͒ become
and the boundary conditions on f are
f͑͒d. ͑14d͒
In order to make analytical progress, we assume that the flow evolves in a self-similar manner. For a similarity solution to exist, Eq. ͑14a͒ prescribes the structure of the slip length to be ͑ , r͒ = b͑⑀ , , ͒h͑r͒, with h͑r͒ as the film thickness and b as the slip coefficient introduced at the end of Sec. II A, which depends on the characteristics of the surface roughness.
From the momentum equation, Eq. ͑13b͒, we conclude that h 2 UЈ / is constant and define c 1 as
where c 1 is the analogue of the constant c defined by Watson ͓e.g., Eqs. ͑5͒ and ͑6͔͒. Equation ͑13b͒ is integrated with f͑1͒ = 1 and fЈ͑1͒ =0,
The integral of Eq. ͑16͒ between = 0 and = 1 and the definition of the effective slip boundary condition Eq. ͑14a͒ constitute a system of two coupled equations that determines f͑ =0;b͒ ͓denoted by f͑0͔͒ and c 1 as functions of the slip parameter b,
where F 2 1 is the hypergeometric function and c = 1.402. By definition, when the slip coefficient b decreases toward zero, the slip length = 0. Also, f͑0͒ tends to zero and c 1 → c when b decreases, which corresponds to the no-slip boundary condition at the substrate. By solving these equations, we ob-
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serve that f͑0͒ is an increasing function of the amount of slip ͑see Fig. 6͒ . The flow rate conservation leads to the definition of a second constant c 2 , which is also a function of b,
with
ͪ.
͑19͒ Figure 7 shows that c 2 ͑b͒ is an increasing function of b with c 2 ͑0͒ = 0. This result is consistent with the value of the analogous constant determined for smooth substrates where
For the momentum and the continuity equations to be satisfied by a self-similar solution, the velocity U and the film thickness h͑r͒ need to be defined as follows:
where ᐉ is a constant that will be determined below.
D. Thickness of the boundary layer
We now seek to determine r 0 , the radius at which the boundary layer invades the entire thickness of the thin film. For a radius smaller than r 0 , we assume that u͑r , z͒ = U 0 f͓z / ␦͑r͔͒, where U 0 , the velocity outside the boundary layer, is defined as ͑1−␣͒Q / a 2 . Also, ␦͑r͒ is the boundary layer thickness; it increases from the impact point at which ␦͑r =0͒ = 0. The momentum integral equation for the flow in the region r Ͻ r 0 is
͑21͒
We define c 3 ͑b͒ as
The thickness of the boundary layer above a solid interface and a composite interface characterized by a slip coefficient b are compared in Fig. 7͑b͒ . The thickness of the boundary layer decreases as the slip coefficient and the leakage flow in the porous layer increase. As the slip length corresponds to the distance below the actual surface at which the velocity is equal to zero, we can interpret the reduced thickness as the development of the boundary layer from a plane, below the plane defined as z = 0, the top of the posts. At r = r 0 , the velocity is equal to U 0 , and using the following Bernoulli condition:
we determine 
ͪ. ͑26͒
In the following, these analytical results will be used to define the position of the hydraulic jump generated when a jet of liquid impacts on a micropatterned substrate. 
E. Position of the hydraulic jump
In order to determine the position of the jump, we write the momentum equation at r = r j , as a balance of gravitational, interfacial, and inertial terms,
with U 1 as the velocity immediately outside the jump reduced by the leakage flow U 1 = ͑1−␣͒Q / 2r j d. We define k͑b͒ = ͓1−c 2 ͑b͔͒ / ͓1− f͑b͒ 3 ͔ 1/6 . When the radius of the hydraulic jump is larger than the radius at which the boundary layer invades the entire film, Eq. ͑27͒ becomes
2 r j ͑b͒d
Comparing Eq. ͑28͒ that defines the radius of the jump on microtextured surfaces with Eq. ͑10͒, obtained for a smooth substrate, we note that the influence of the roughness is captured by the prefactors, which are functions of the characteristics of the roughness and the azimuthal angle, through the leakage coefficient ␣ and the slip coefficient b. The angular dependence of r j ͓b͔͑͒ for a given lattice can be determined by solving Eq. ͑28͒ numerically. Defining the shape of the jump requires the input of the following parameters: the total flow rate Q, the slip coefficient b͑͒ = ᐉ o ͑͒ / 2D, with ᐉ o ͑͒ a known function of the lattice properties and a free parameter, and the magnitude of the leakage flow ␣, a second free parameter. To validate our model, we study experimentally the structure of hydraulic jumps formed upon impact of a liquid jet on a micropatterned substrate and compare our experimental observations with the numerical results obtained by solving Eq. ͑28͒. We will remind the reader of experimental observations previously reported in a short communication 19 and present new experimental results to further illustrate the influence of the properties of both the flow and the substrate roughness on the jumps.
III. DISCUSSION OF EXPERIMENTAL RESULTS
We use a gear pump ͑Model 75211-10, Cole Parmer͒ to flow water through a closed cycle starting from the reservoir ͑see a schematic of the setup in Fig. 5͒ . The water is injected into a nozzle ͑radius a Ϸ 1 mm͒ at a controlled flow rate of approximately 1 l min −1 that we measure with a flow meter ͑Model S-111, McMillan͒. The jet impacts at the center of a smooth and transparent acrylic plate and generates a thin film that flows outward until it reaches the edges of the plate and spills into the reservoir. In order to study the influence of the substrate roughness on the jump, we use soft-lithography techniques to produce regularly patterned surfaces made of polydimethylsiloxane. These disk-shaped surfaces ͑5 cm wide and 2 mm thick͒ are covered with hexagonal or square arrays of cylindrical posts with height H, radius R, and interpost spacing D −2R, where D is the lattice distance ͓see Fig. 2͑b͔͒ ; these lattice parameters are of the order of 50 m. Smooth and microtextured disks can be embedded in the acrylic plate centered on the impact point of the jet. The thickness and diameter of these disks are equal to the depth and diameter of the carved region so that the flow remains undisturbed by the presence of a removable substrate.
A. Main features of the jumps and modeling assumptions
Macroscopic consequences of the micron-scale topology
The lattices used here are characterized by threefold and fourfold symmetries. Upon impact of a water jet of sufficient flow rate, we observe the formation of anisotropic polygonal hydraulic jumps, with symmetries identical to those of the arrays, which can be located on the smooth substrate beyond the microtextured disc ͑Fig. 8͒. On hexagonal and square arrays, the jumps adopt polygonal shapes: hexagons or eightcorner stars. We note that a unique stable and steady shape is associated with each lattice.
To the best of our knowledge, the ability to control stable polygonal thin-film structures has not been obtained before. Previous studies on smooth substrates report polygonal jumps that are triggered by viscocapillary or inertia-capillary instabilities: 27, 28 several polygonal structures can be obtained for the same experimental conditions, and a net transient rotation of the jump is often observed. The presence and characteristics of such polygons are strongly dependent on the properties of the fluid. We next vary the fluid viscosity and surface tension to determine if the appearance of polygonal structures on microtextured surfaces is triggered by a viscocapillary or an inertia-capillary instability. We investigate the influence of an increase in kinematic viscosity by adding glycerol to water, =1-3.5ϫ 10 −6 m 2 s −1 . The jumps retain the fourfold symmetry characteristic of the square lattice of posts placed under the jet ͑see Fig. 9͒ . However, increasing the fluid viscosity reduces the sharpness of the structure, and a circular shape is eventually recovered for sufficiently high viscosity. From these observations, we con- 
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clude that the fluid viscosity affects the amplitude of the deformation but not the symmetry of the jump. Here, the shape selection is not controlled by the viscosity of the fluid. We also vary the surface tension of the air/water interface by adding the surfactant sodium dodecyl sulfate ͑SDS͒ at a concentration equal to the critical micellar concentration ͑CMC͒, C = 7.7ϫ 10 −3 mol l −1 . The surfactant reduces the value of the surface tension from ␥ Ϸ 70ϫ 10 −3 to ␥ Ϸ 40 ϫ 10 −3 N m −1 . As shown in Fig. 10 , when the surface tension is decreased by a factor two, we observe weak variations in mean radius and in maximum deformation. We note that the effect of the surface tension and the viscosity would be much more dramatic if the polygonal structure was the signature of a viscocapillary or an inertia-capillary instability.
These results show that the polygonal structure induced by the microtexture results from a robust shape selection mechanism that is independent from the fluid properties over a wide range of viscosities and surface tensions. The control of the texture over the symmetry breaking observed in our experiments is consistent with the model presented above in which the angular dependence of the jump radius is introduced by the slip coefficient b͑͒, which scales as a geometrical parameter ᐉ 0 ͑͒ that characterizes the anisotropy of the lattice ͑see Fig. 3͒. 
Experimental assessment of the modeling assumptions
Our one-dimensional model is based on assumptions related to the flow and the lattice geometry. The flow in the thin film above the posts is considered radial and dominated by inertia. Indeed the value of the jumps radii are obtained by solving Eq. ͑28͒ for each value of independently.
As shown in Fig. 8 , the jumps can be obtained beyond the patterned surfaces, which is a clear signature of the inertial nature of the flow: once introduced in the flow field, the anisotropy is retained, for at least some distance, on the smooth substrate. However, Fig. 9͑d͒ shows that when viscous effects are significant, the isotropy of the jump is recovered by shear induced momentum transfer.
In order to validate the unidirectional flow hypothesis of the model, i.e., that, approximately, the flow can be considered independently in the different angular directions for liquids with intermediate viscosity, we reduce the area covered by the square lattice of posts to only a small portion of the 5 cm microtextured disc originally fully covered with the microtexture. The surface coverage is now strongly nonuniform and anisotropic: as shown in Fig. 11 , the shape of the jump obtained upon impact of a jet of water loses its fourfold symmetry; it is now a circular jump with a few localized sharp deformations. The deformations are localized to values of the azimuthal angle that correspond to the position of the In ͑a͒ and ͑b͒, the surface area covered by microposts is indicated by the dashed lines. The patterned disc is rotated around the water jet, which remains fixed. ͑c͒ Microtextured stripe of width 2 mm and length 5 cm. ͑d͒ Complementary coverage to that of ͑a͒ and ͑b͒: the microtexture covers the whole disc of diameter 5 cm except for the disc sector used in ͑a͒ and ͑b͒.
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roughness. We also note that the shape is rotating along with the micropattern ͓Figs. 11͑a͒ and 11͑b͔͒. Only the liquid flowing directly above the texture is affected by the roughness, showing indeed that the lateral shear is negligible. These results show that the unidirectional approach adopted in our model is suitable to describe the observations of polygonal hydraulic jumps. In our model, the inertia dominated liquid film flows above the roughness, whose influence on the velocity field is introduced via a slip boundary condition and a reduction in the flow rate in the thin film above the posts. For the sake of simplicity, the surface area covered by the lattice is considered infinite. To validate this assumption, we now study the influence of the surface area covered with posts on the structure and mean radius of the jumps by reducing the size of the microtextured disc or square ͑Fig. 12͒: the jumps have nearly identical shapes. A decrease in sharpness of the structure can be associated with significant reduction in covered area ͓Fig. 12͑b͔͒. However, above a critical surface area covered with posts, the polygons that we obtain are very similar in shape. For modeling purposes, it is therefore legitimate to approximate the lattice as infinite.
B. Discussion of the experimental results
Evolution of the jump as function of the total flow rate Q
We now report quantitative experimental results on the influence of the lattice parameters on the shape and mean radius of the jump at different total flow rates. Here we use square networks of posts of radii 50 m. For a given microtexture, the radius of the polygonal jump increases with the total flow rate ͑Fig. 13͒. Meanwhile, the deformation away from originally circular shape becomes more pronounced: the jump that is circular at low flow rates becomes a sharp polygon at higher flow rates.
Quantitatively, when a jump is formed on a square lattice of microposts, the maximum value of the radius r j can exceed by a small amount the radius of the jump obtained on a smooth substrate with the same impacting jet of liquid ͑see Fig. 14͒ . This observation is consistent with the slip effect introduced in our model. The high-Reynolds-number approach adopted to model the interaction between the flow and the posts only takes into account the cross section of the posts and not their shape per se. Indeed, we show experimentally that for posts whose shapes are inscribed in a circle of diameter of 100 m, the structure of the jump is the same as the one obtained with circular posts ͑Fig. 15͒. To further validate this assumption, one could consider strongly anisotropic posts structures such as rectangles or even grooves. The qualitative observations reported here support the hypothesis of the model.
We next report the mean radius r j of the hydraulic jumps. As shown in Fig. 16͑a͒ , r j is an increasing function of the total flow rate. Also the mean radius of jumps formed on rough substrates is smaller than the radius of jumps obtained on a smooth substrate for any given total flow rate.
In the model, the reduction of mean radius is captured by a reduction of the flow rate in the thin film: the isotropic leakage flow through the posts contributes to a smaller radius for any given angle . The maximum deformation ⌬ is a measurement that aims at quantifying the sharpness of the jump. As shown in Fig. 16͑b͒ , similar to the evolution of r j , the deformation ⌬ = max͑r j ͒ − r j is an increasing function of the total flow rate. The scattering of the experimental data is caused by the spontaneous millimeter-scale fluctuations likely due to vibrations generated by the pump, which intro- 
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Inertia dominated thin-film flows over microdecorated surfaces Phys. Fluids 22, 073602 ͑2010͒ duce noise in our measurements. The increase of the mean radius and the maximum deformation as function of the total flow rate is common to different lattices, i.e., different geometries and topographic features; we can compare the values of both the mean radius r j and the maximum deformation ⌬ over the range of lattice parameters explored. Here we vary the height of the posts H =23-88 m and the lattice distance D = 200-400 m. At a fixed total flow rate, the smallest values of the mean radius and the lowest values of the deformation are obtained when jumps are formed on substrates of limited roughness, i.e., short posts ͑small H͒ and large spacing D ͑see Fig. 16͒ . In both situations, as the roughness of the substrate, which is defined as the ratio of the real surface area to the apparent surface area, decreases, the jumps get closer in shape and size to the corresponding circular jumps obtained on smooth substrates. Such evolutions of the shape and size of the jumps are captured by the slip length, which scales as the slip coefficient b and leakage flow q = ␣Q effects in the model. The corresponding free parameters and ␣ quantify the magnitude of the anisotropic deformation and the average reduction of the jump radius, respectively. Next, we use the experimental measurements to estimate these two free parameters.
Determination of two free parameters
The free parameters in the model are obtained by matching the experimental values of the mean radius of the jump r j and the maximum deformation ⌬ = max͑r j ͒ − r j with numerical results from the model for one value the total flow rate Q. In the model, the position of the jump is a function of ͑i͒ the slip length coefficient b, which depends on the azimuthal angle and the free parameter , and ͑ii͒ the leakage flow rate, which varies with the parameter ␣ and the total flow rate Q ͓see Eq. ͑28͔͒.
In order to compare experimental and numerical results, we use the value of the mean radius and the deformation at a total flow rate Q = 2.5 l min −1 . Indeed, the accuracy of our measurements is better at larger total flow rates since the radius of the jump and the amplitude of the deformation are larger, and millimeter-scale fluctuations only introduce negligible errors. Numerically, the mean radius is obtained by averaging r j over 360 values of , evenly spread between 0 and 2. The deformation reaches a maximum for =0 + ͑n +1͒ / 2 radians, where n is an integer. We report in Fig.  17 the values of the free parameters that we determine using this method.
The parameter ␣ corresponds to the isotropic permeability of the shallow porous layer and is an increasing function of the free volume in the roughness, i.e., the porosity of the lattice ⑀ =1−R 2 / D 2 and the aspect ratio of the posts 
073602-10
Phys. Fluids 22, 073602 ͑2010͒
= H / R. This dependence on the porosity is similar to previous predictions for low-Reynolds-number flows through porous media. 24 The complexity of the boundary conditions that apply on the radial leakage flow through a shallow porous medium makes it difficult to compare our results with analytical predictions. The approach adopted here consists in using a macroscopic measurement to determine the magnitude of the leakage flow. The values can then be used in other configurations involving moderate Reynolds number flows over thin porous media.
In addition, the slip length is estimated for intermediate Reynolds number flows. The anisotropy of the slip length, typically of the order of the depth of the texture H, is prescribed by a phenomenological function ᐉ 0 ͑͒. The value of this latter varies linearly with the width of the channels between posts. The slip coefficient is the proportionality constant that depends on other parameters of the lattice. As shown in Fig. 17 , is an increasing function of the porosity of the lattice and the aspect ratio of the posts. Indeed larger values of these two parameters are associated with larger fluid velocities through the roughness, which result in larger slip lengths according to the Navier boundary condition.
With a set of parameters ͑␣ , ͒ associated with each lattice geometry, the position of the jumps can be determined numerically for any value of the azimuthal angle and total flow rate Q using Eq. ͑28͒. We present examples of the shapes predicted by the model in Fig. 18 . We use an angular representation for 0 Յ Յ 2 to facilitate the comparison with experimental results. The overall shape of the jump determined numerically is close to the structure obtained experimentally at Q = 2.5 l min −1 . As for the classical theory on a smooth substrate, the model captures the decrease in mean radius associated with the reduction in total flow rate ͓see Fig. 16͑a͔͒ . We note that the polygonal shape predicted by the model remains almost the same, independently of the total flow rate Q.
The effect of the lattice parameters on the shape of the jump is well captured by the model: for shorter posts or larger lattice spacing, the structure of the jump is almost circular, with no or very localized deformations. For higher posts or smaller lattice spacings, the structure becomes much more pronounced with sharp corners. These results are consistent with our experimental data.
In order to facilitate a more quantitative comparison between the numerical predictions and the measurements, we represent in Fig. 19 the left-hand side of Eq. ͑28͒ as a function of X j = k͑b͒ 3 ͑r j 3 + ᐉ 3 ͒ / ͑1−␣͒Qa 2 . For each value of the total flow rate, the value of X j is determined using the average values of the variables k, b, ᐉ, and r j defined in Sec. II D over values of the azimuthal angle between 0 and 2, as indicated by the overlined symbols. In Fig. 19 the collapse of the data on the model curve shows that the description of the flow by a boundary layer theory captures adequately our observations. We note that the predictions describe less accurately the trend for small mean radii. This could be an artifact of our method, which consists in estimating and ␣ at high flow rate. It could also be due to the limited accuracy of Watson's theory in the low flow rate regime as reported in previous studies on smooth substrates. 26, 29 The maximum deformation predicted by the model increases with the total flow rate, which is consistent with our experimental observations. However, the almost linear dependence does not describe accurately the behavior at low flow rates ͓see Fig. 16͑b͔͒ . Such limitations of the model will be discussed below.
C. Limits of the model
The model presented here describes satisfactorily the shape and size evolution of the jump on different rough substrates over the range of total flow rate that we explored. Nevertheless, it fails to capture accurately the details of the shapes at low flow rates as shown above and for the more viscous fluids that we used. 
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Deformations of the jumps
A comparison between the experimental values of the maximum deformation ⌬ presented in Fig. 16 and the predictions in Fig. 19͑b͒ reveals two discrepancies. First, the deformations measured for the square lattice are smaller than expected over the entire range of total flow rate. Second, for total flow rates Q Յ 1 l min −1 , the linear increase of the deformation as a function of the flow rate does not match our observations. Indeed, when we increase the total flow rate, we observe a transition from nearly circular jumps with no noticeable deformation to polygonal structures with sharp corners. The transition occurs at smaller values of the total flow rate over lattices with higher roughness, i.e., taller posts.
The deformations or corners of the polygonal structures are associated with locally highly curved air/liquid interfaces ͑see Fig. 18͒ . At low total flow rates, the mean radius and deformation are both of the order of a few millimeters. For large lattice spacing, the radius of the jump is large, but the deformation is strongly localized, i.e., limited to a small range of azimuthal angles. In these two situations, the influence of surface tension can be expected to be significant, as the Laplace pressure jump across the interface scales as its curvature. This hypothesis is supported by previous studies that have emphasized that the radial curvature force becomes appreciable for jumps of small radius. 26, 30 Our model takes into account the surface tension force associated with the deformation of the air/liquid interface at the jump for a given azimuthal angle. The jump height is considered as the smallest radius of curvature leading to the dominant term in the definition of the surface tension force. This approximation is sufficient to capture quantitatively the influence of surface tension modifications by addition of surfactant molecules ͑Fig. 20͒ as well as the shape of most of the jumps.
However, the azimuthal curvature of the jump is neglected, and the force associated with the deformation of the circular jump is not taken into account. The surface tension effects, which tend to decrease the radius of curvature of interfaces, can reasonably be held accountable for the smaller deformations observed for small jumps or jumps with very localized deformations. This effect can not be built into a unidirectional model since it requires the definition of the azimuthal curvature of the jump and would introduce in the momentum balance a term that depends on the position of the jump for a range of values of the angle .
Shape of the jump for fluids of large viscosity
As reported in Fig. 9 , the fluid viscosity modifies both the mean radius and the sharpness of the polygon. The decrease in mean radius is associated with an increasing isotropic momentum dissipation well described by the boundary layer theory. The reduction in sharpness of the polygon suggests that the fluid viscosity contributes to an angular averaging of the fluid velocity. This observation can be rationalized by the increased exchange of momentum across radial directions for highly viscous fluids. Indeed, the unidirectional model considered here fails to capture the decrease in anisotropy described in the experiments. As shown in Fig. 21 , the model does not predict the recovery of a circular shape upon increase of the viscosity . These two features illustrate that the most important limitation of the model is the approximation of unidirectional flow. The introduction of angular dependence by the microtextured substrates highlights the limitations of this unidirectional flow approximation, as hinted by previous studies. 26, 29 
IV. CONCLUSION
The influence of asperities on thin-film flows has received attention because of their disruptive effect on coating processes. Here we show the collective effect of regularly organized asperities, i.e., square and hexagonal arrays of microposts, on the velocity field in inertia dominated thin-film flows. We model dynamics by assuming that the flow through and above the surface texture is coupled by the conservation of the total flow rate and an anisotropic slip boundary condition in the plane defined by the top of the posts. In a radial flow configuration, the angular dependence of the slip length is prescribed by a relation derived in the spirit of the classical high-Reynolds-number theory.
We study hydraulic jumps produced by impacting liquid jets on lattices of microposts. Our experiments show that the jumps adopt the symmetry of the roughness underneath, as predicted by our model. A quantitative comparison between the measured and calculated positions of the jump is used to establish the dependence of the slip and the leakage on the lattice parameters. As the jumps are the macroscopic signature of the velocity field, their study enables the deduction of flow properties in thin films at intermediate Reynolds number and through shallow porous layers. Such parameters can then be used to describe the velocity field in thin-films flowing over rough substrates in different configurations, for example, down an inclined plane or on a rotating substrate. The influence of a regular microtexture can also find application in the production of fluid layers of nonuniform, controlled velocity and thickness.
